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principal axis for the body. It should be mentioned that since
we are neither assembling nor solving a system of equations,
the large run times and massive storage requiremens normally
associated with finite element analysis are not present in this
case. Hence, a mass properties code of the form outlined
above can easily be implemented on a minicomputer.

To illustrate the accuracy of the procedure, consider the
simple problem of employing plate elements to determine the
area properties for a circular section of unit radius. Two such
meshes are shown in Figs. 2a and 2b. For the coarser five-
element mesh (Fig. 2a) the error in area and moment of inertia
are, respectively, 1.178% and 2.338%. While for the finer
nine-element' mesh (Fig. 2b), the corresponding errors are
0.078% for the area and 0.156% for the moment of inertia.
For either solution less than 1 s of CPU time was required on
aUNIVACHOS.

Conclusion
Presented in this Note is a procedure for the accurate

evaluation of mass properties for a space body. The
procedure is particularly effective when the geometry of the
body is irregular. The methodology employed is a per-
turbation to the standard implementation of iso-parametric
finite elements.
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Improved Method for Solving the
Algebraic Riccati Equation

W.E. Holley* and S.Y. Weit
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Introduction

SINCE linear quadratic regulator theory came into vogue
in the early 1960's, many authors have suggested methods

to solve the resulting algebraic Riccati equation. One of the
methods that has been most successful is the eigenvector
decomposition method first proposed by MacFarlanel and by
Potter.2 In this method, the eigenvalues and eigenvectors of
the Euler-Lagrange system are determined. The eigenvectors
associated with eigenvalues whose real parts are all of the
same sign are partitioned into two matrices. These matrices
form a set of linear equations which yield the Riccati equation
solution.

The success of the method hinges on the requirement that
the partitioned eigenvector matrices be nonsingular. In the
case when one or more of the eigenvalues is repeated, the
resulting matrices may be singular. The singularity can be
removed by using the generalized eigenvectors. However, this
method is not entirely satisfactory. In the case when the
eigenvalues ,are nearly equal, the partitioned eigenvector
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matrices are not singular* but they remain ill conditioned.
This ill conditioning can lead to errors in the computed
solution. Also, small perturbations in the system matrix
elements can lead to drastic changes in the partitioned
eigenvector matrices, which in turn causes poor numerical
stability. ,

In order to alleviate these difficulties, the following method
is proposed:

1) Determine the coefficient matrix H of the Euler-
Lagrange system. For the algebraic Riccati equation,

-SBBTS=0

the matrix H is given by

A, -BBT

-CTC, -AT

2) Calculate the eigenvalues of the coefficient matrix using
the highly stable QR algorithm. 3«4

3) Again use the QR algorithm with shifts of origin
beginning at the previously computed eigenvalues with
positive real parts. This procedure will compose the system
into the form

H=PT •v.
U22

(1)

where

21

is orthogonal and U22 has eigenvalues with positive real parts.
4) The symmetric non-negative solution, 5, of the Riccati

equation is found by solving the linear equation (see Theorem
1 in Appendix)

P,,S=P12 (2)

The matrices Pn and P12 are nonsingular when the system is
controllable and observable (see Theorem 2 in Appendix).

If the system has unobservable or uncontrollable modes,
then varying the control will not affect the performance index
through this part of the system. Thus, these modes can be
ignored and the design can proceed using only the completely
observable and controllable part of the system.

The major advantage of the method lies in the inherent
orthogonality of the P matrix. The QR algorithm produces an
extremely stable decomposition into the form of Eq. (1). The
P matrix is also not overly sensitive to small perturbations in
the system matrix elements or to small perturbations in the
computed eigenvalues.

A second advantage of the method is that less computation
is required to determine the P matrix than is required to
determine the matrix of eigenvectors.

Results
To exemplify the method, consider the following simple

optimal control problem:

r«/ f 0 0
Min J=\ [XT

Jo y L 0 q2
x+u2 ]dt

subject to

-1 0
x+ (4)
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The optimal control law is given by

u=-[0 1] (5)

where S is the symmetric, positive definite solution to the
algebraic Riccati equation

0=S
0 1

-1 0

0 -1

1 0
S+

0 0

0 q2 -S
0 0

0 1

The solution is found to be

q 0

0 q

The closed-loop characteristic equation is given by

(6)

(7)

(8)

Obviously, when q = 2 the roots of the characteristic equation
are equal.

The solution to this problem was attempted using the
OPTSYS program described in Bryson and Hall.5 This
program is an implementation of the MacFarlane-Potter
approach and usually gives accurate results for fairly high-
order systems. However, when a value of q2 =4 was used, the
progam failed completely. Also, when q2 = 3.99999, failure
occurred. However, when a value of q2 =4.000001 was used,
the following solution was obtained:

2.0000E + 00

2.9104E-11

-1.4552E-11

2.0000E + 00

When the computed solution was used in the algebraic Riccati
Eq. (6), the following residual was obtained:

2.9104E- 10 - 1.0188E-09

-1.0186E-09 2.1430E-10

The method proposed in this paper was implemented on the
CDC CYBER 70/73 system, and the following results were
obtained with q2 =4:

2.000E + 00

2.1449E-13

A residual of

-6.8319E-13

-2.5845E-13

4.6870E-13

2.0000E + 00

-7.6687E-13

-5.4001E-13

resulted.

Conclusion
As can be seen from the results, the proposed method

appears to be more accurate and certainly is more stable than
the usual MacFarlane-Potter algorithm. It is hoped that the
accuracy improvements obtained using the new method will
facilitate solutions for systems of higher order than currently
available methods can handle.

Appendix—Theoretical Basis of the Algorithm
Lemma I:6 The algebraic Riccati equation

SA+ATS + CTC-SBBTS = 0 (Al)

has a unique positive definite solution S if the matrices (A,B)
are controllable and (A,C) are observable. Also the matrix
A-BBTShas eigenvalues in the open left half-plane.

Lemma 2:1 Under the conditions of Lemma 1 the
eigenvalues of the matrix A-BBTS are the same as the left
half-plane eigenvalues of the Euler-Langrange system matrix

//=
A -BBT

-CTC -AT

Lemma 3:7 There exists an orthogonal transformation.

P=
22

which transforms the matrix H into quasi-upper triangular
form

U,,

0

u,
u22

Pn
P2,

A -BBT

-CTC -AT

(A2)

From Lemma 1 and 2 the P matrix can be chosen so that Uu
has all eigenvalues in the left half-plane and U22 has all
eigenvalues in the right half -plane.

Lemma 4:* The solution Xto the linear matrix equation

AX-XB=0

is unique and equal to zero if A and B have no common
eigenvalues.

Theorem 1: Under the conditions of Lemma 1, namely that
'(A,B) is controllable and (A,C) is observable, the positive
definite solution S to the algebraic Riccati Eq. (Al) satisfies
the relation

(A3)

where P,, and PI2 satisfy Eq. (A2).
Proof: Premultiplying Eq. (A2) by P T=P ~' yields

PL.
-BB'i r/r/

-CTC -AT

Expanding yields four equations, two of which are

PL
PL

Solving the Riccati Eq. (Al) for CTC yields

CTC=SBBTS-SA-ATS

Using Eq. (A7) in (A6) gives

- (SBBTS-SA -A TS)Pf, -A TP]2=P]2U,,

(A4)

(A5)

(A6)

(A7)

(A8)
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Using Eq. (A5) in (A8) yields

-SBBTSP]j -A TP]2

which can be rearranged to give

-P]2)Un^O (A9)

From Lemmas 1,3, and 4,

Spr-pT2 = o or P/75=P/2 Q.E.D.

Theorem 2: Under the same conditions as Theorem 1, the
matrices Pu and P12 in Eq. (A3) are nonsingular.

Proof: Expanding Eq. (A2) yields four equations, one of
which is

U ^ -P12A

Using Eqs. (A7) and (A3) in (A10) gives

U1I=PI1(I+S2)(A-BBTS)P11 (All)

(A10)

Since Un, S, and A-BBTS are nonsingular, Pu must also be
nonsingular. In addition, P12 =P]1Sis nonsingular.

References
^acFarlane, A.G.J., "An Eigenvector Solution to the Optimal

Regular Problem," Journal of Electronics and Control, Vol. 14, June
1963, pp. 643-654.

2 Potter, J.E., "Matrix Quadratic Solution," SI AM Journal of
Applied Mathematics, Vol. 14, May 1966, pp. 496-501.

3Francis, J.G.F., "The QR Transformation," Computer Journal,
Vol. 4,1961, pp. 265-271, and 332-345.

4Wilkinson, J.H. and Reinsch, C., "Linear Algebra," in Hand-
book of Automatic Computation, Springer-Verlag, Berlin, 1971.

5Bryson, A.E. and Hall, W.E,, "Optimal Control and Filter
Synthesis by Eigenvector Decomposition," Stanford Univ. Dept. of
Aero, and Astro. Rept. No. 436, 1971.

6Kalman, R.E., "Contributions to the Theory of Optimal Con-
trol," Bol. deSoc. Math. Mexicana, Vol. 5,1960, pp. 102-119.

7Schur, I. (1909) cited in Bellman, R., Introduction to Matrix
Analysis, McGraw-Hill, New York, 1960, p. 219.

8 Rutherford, D.E. (1932) cited in Bellman, R; Introduction to
Matrix Analysis, McGraw-Hill, New York, 1960, p. 283.

From theAIAA Progress in Astronautics and Aeronautics Series...

INJECTION AND MIXING IN TURBULENT FLOW—v. 68

By Joseph A. Schetz, Virginia Polytechnic Institute and State University

Turbulent flows involving injection and mixing occur in many engineering situations and in a variety of natural
phenomena. Liquid or gaseous fuel injection in jet and rocket engines is of concern to the aerospace engineer; the
mechanical engineer must estimate the mixing zone produced by the injection of condenser cooling water into a waterway;
the chemical engineer is interested in process mixers and reactors; the civil engineer is involved with the dispersion of
pollutants in the atmosphere; and oceanographers and meteorologists are concerned with mixing of fluid masses on a large
scale. These are but a few examples of specific physical cases that are encompassed within the scope of this book. The
volume is organized to provide a detailed coverage of both the available experimental data and the theoretical prediction
methods in current use.The case of a single jet in a coaxial stream is used as a baseline case, and the effects of axial pressure
gradient, self-propulsion, swirl, two-phase mixtures, three-dimensional geometry, transverse injection, buoyancy forces,
and viscous-inviscid interaction are discussed as variations on the baseline case.

200pp., 6x9, illus., $17.00Mem., $27.00List

TO ORDER WRITE: Publications Dept., AIAA, 1290 Avenue of the Americas, NewYork, N. Y.10019


